We report on the enhancement of phase conjugation degenerate four-wave mixing (DFWM) in hot atomic Rb vapor by using a Bessel beam as the probe beam. The Bessel beam was generated using cross-phase modulation based on the thermal nonlinear optical effect. Our results demonstrated that the DFWM signal generated by the Bessel beam is about twice as large as that generated by the Gaussian beam, which can be attributed to the extended depth and tight focusing features of the Bessel beam. We also found that a DFWM signal with reasonable intensity can be detected even when the Bessel beam encounters an obstruction on its way, thanks to the selfhealing property of the Bessel beam. This work not only indicates that DFWM using a Bessel beam would be of great potential in the fields of high-fidelity communication, adaptive optics, and so on, but also suggests that a Bessel beam would be of significance to enhance the nonlinear process, especially in thick and scattering media.
INTRODUCTION
Bessel beams are radiations of which the amplitudes can be described by Bessel functions, which are sets of solutions to the Helmholtz equation in free space [1] . As they exhibit the propagation-invariant feature (non-diffraction) [2] [3] [4] [5] , people can achieve an extended depth of field with a small focal spot using Bessel beams. Moreover, they have the ability to reestablish their transverse intensity profiles after passing through an obstacle (self-healing, self-reconstructing). For those attractive properties, Bessel beams have been applied in numerous areas, such as atom optics [6, 7] , optical micromanipulation [2] , microscopy [8] [9] [10] , and optical tweezers [11] . Bessel beams are also of particular significance in nonlinear optics [12] [13] [14] . On one hand, nonlinear optical processes can be enhanced (especially in thick and complex media), thanks to the "nondiffraction" and "self-reconstructing" properties of the Bessel beam. On the other hand, more information of the nonlinear medium can be retrieved because of the unique phase-matching characteristics across the focal region.
Four-wave mixing (FWM) is a kind of third-order nonlinear process in which three beams interact with the nonlinear medium and a fourth beam (FWM signal) is generated when the phase-matching condition is satisfied. FWM has a variety of applications, such as squeezed states of light [15] , wavelength conversion [16] , isotope selective analysis and determination [17, 18] , and image reconstruction [19, 20] . In particular, degenerate FWM (DFWM) is a superb method to generate a phase-conjugate beam, in which a probe beam intersects two counter-propagating pump beams, and the DFWM signal is generated in the opposite direction of the probe beam. Because the DFWM signal is the phase-conjugate beam of the input probe beam, it can be used to eliminate the distortion as the probe beam passes through an inhomogeneous phasedistorting medium [21, 22] . So far, DFWM has been widely used in adaptive optics, laser communication, and so on. However, the DFWM signal decreases or even disappears due to phasemismatching and loss of energy in a strongly scattering thick medium, limiting its application in harsh environments.
In this work, we use a Bessel beam as the probe beam and study the enhancement of DFWM in hot atomic Rb vapor. The Bessel beam is generated by focusing the hollow beam generated using cross-phase modulation based on the thermal nonlinear optical effect [23] . Compared with commonly used hollow beam generation methods (including axicon lenses [24] and spatial light modulators [25] ), the method employed in this work has the advantages of tunable size and no limitation of the input power. With the help of such a method, we were able to vary the size of the hollow beam to get a Bessel beam with appropriate size and desirable non-diffraction length. This method also allowed us to set the power of the probe beam to be several megawatts (mW) and to optimize the DFWM generation. We compared the performance of the Bessel beam with a Gaussian beam and found that the Bessel beam can greatly enhance the DFWM process, particularly when an obstruction is set on the path of the input probe beam. This work suggests that DFWM using a Bessel beam is of significant potential in the fields of high-fidelity communication, adaptive optics, and so on. DFWM. The laser output was first split into two beams by the combination of a half-wave plate (HWP) and a polarization beam splitter (PBS1). The transmission from PBS1 provides the backward pump field E b ω; k b , and the reflection beam is further split into two beams by PBS2. The reflection of PBS2 is employed as the forward pump field E f ω; k f , and the transmission is used to generate the hollow beam. The generated hollow beam serves as the probe field E p ω; k p . The experiment is conducted in a two-level atomic system, composed of energy levels jai and jbi, in which jai and jbi stand for j5S 1∕2 ; F 3i of 85 Rb and j5P 3∕2 ; F 2; 3; 4i of 85 Rb [26] , respectively. The phase-matching configuration of the DFWM process is shown in the right bottom part of Fig. 1 , the beam E f and the beam E b are counter-propagating with each other, and E p intersects with the forward pump field E f at a small angle (less than 0.01 rad). With the phase-matching condition (k f k b k p k s ), the DFWM signal E s ω; k s is generated in the opposite direction of E p , which is detected by silicon detector (Zolix, Dsi200, 10 mm × 10 mm, 200-1100 nm) or imaged by a CMOS camera (Thorlabs, DD1240M, 1280 × 1240, 6.78 mm × 5.43 mm). The sample is atomic Rb vapor contained in a 10 cm long vacuumed cell (5 × 10 −5 Pa) without buffer gas in it. The cell is heated by a heater band with an electrical temperature controller.
METHOD
Hollow beam generation. The transmission through PBS2 is split into two beams by PBS3, the reflection is denoted as weak beam E w , and the transmission is denoted as intense beam E in . The beam E in passes through an HWP, an f 200 mm Lens1, PBS4, and then into the cuvette with ethanol. The beam E w is guided into the cuvette with ethanol in the opposite direction of E in . The output E w from the cuvette with ethanol is reflected by PBS4, collimated by a telescope system (Lens2 and Lens3), and then employed as the probe field E p ω; k p . The output E w from the cuvette with ethanol can be switched between Gaussian beam and hollow beam by setting the beam E in off or on [23] . By focusing the hollow beam (Lens5), we can obtain a Bessel beam in the focusing range [27] .
In the experiment of studying the influence of obstruction on DFWM, we put a thin quartz plate (0.17 mm thick) in the transmission paths of probe beam E p and the forward pump beam E f and then only dropped the black printing ink with the diameter of 1 mm or so in the quartz plate in the transmission path of probe beam E p , denoted as obstruction (Obs) in Fig. 1 .
DFWM is a third-order nonlinear optical effect. The induced third-order atomic polarization P 3 is derived from the perturbation theory as [18] Fig. 1. Scheme of the experimental setup. The insert located at the bottom left is the energy-level diagram we employed in which jai and jbi stand for j5S 1∕2 ; F 3i of 85 Rb and j5P 3∕2 ; F 2; 3; 4i of 85 Rb, respectively. The insert at the bottom right is the phase-matching configuration of the DFWM process. The coordinate z stands for the propagating direction of the probe beam originated from Lens5. The obstruction is inserted at z 445 mm, and the Rb cell is set with its right side at z 460 mm. Ti:S laser, Ti:sapphire laser; HWP, half-wave plate; HR, highly reflective mirror; PBS, polarization beam splitter; Obs, obstruction; Si:D, silicon detector. Ethanol is contained in a cuvette.
where μ ba is the electric dipole moment between energy level j5S 1∕2 ; F 3i and j5P 3∕2 ; F 2; 3; 4i of 85 Rb, Δ is the frequency detuning, N is the atomic number density, Ω is the Rabi frequency, and T 1 and T 2 are the lifetimes of the upper level (jbi) and the dipole dephasing time, respectively. The DFWM signal intensity is I F ∝ jP 3 j 2 . The hollow beam generation can be theoretically explained by the thermal nonlinear optical effect. When an intense laser beam passes through the cuvette with ethanol, the refractive index n of the ethanol becomes laser intensity dependent,
where n 0 is the linear refractive index, I in is the intensity of the intense beam, and n 2 is the nonlinear refractive coefficient caused by thermal nonlinear effect, expressed as [23] n 2 dn dT
where dn∕dT describes the temperature dependence of the refractive index of a given nonlinear medium, α is the absorption coefficient, ω p is the beam radius, and κ is the thermal conductivity. The distribution of the refractive index applies for any beam that passes through the ethanol at the same area with the intense beam; therefore, an additional lateral phase shift Δφρ on the exit plane of the cuvette with ethanol would be generated,
in which I in0 is the incident central intensity of the intense beam, k 0 is the wave vector, ω in0 is the waist radius of the intense beam, ω inp z is the beam radius of the intense beam, ρ is the radial coordinate, and l is the length of the cuvette with ethanol. Getting out of the cuvette with ethanol, the weak beam carrying the nonlinear phase shift will propagate in free space. The far-field distribution pattern can be simulated based on the integral formula of Fresnel-Kirchhoff diffraction,
in which D is the distance, Rl is the wavefront curvature radius of the weak beam at the exit side of the cuvette with ethanol, and θ and ϕ are the far-field diffraction angle and the angular coordinate of the exit surface, respectively. As the nonlinear refractive coefficient caused by thermal nonlinear effects n 2 of ethanol is negative (we measured it to be −2.19 × 10 −8 cm 2 ∕W with a Z-scan), the ethanol radiated by the intense E in beam takes the defocusing effect on the weak E w beam. The beam E w is thus converted into a hollow beam.
RESULTS AND DISCUSSION
We first compared the performance of the Bessel beam and the Gaussian beam in a homogenous environment. We set the power of E in as 100 mW and obtained the hollow beam E p as shown in Fig. 1 . The Bessel beam can be obtained in the focusing range of the hollow beam. The Bessel beam generation using such a method based on the cross-phase modulation based on the thermal nonlinear effect has been well characterized in our recent published paper [23] . The probe beam can be switched between a Gaussian and a hollow beam simply by blocking the intense beam E in or not. Then we took either the Gaussian or hollow beam as the probe beam and detected the DFWM spectra and the signal images. The power of E b , E f , and E p was set at 5, 20, and 20 mW, respectively.
The DFWM spectra were obtained by scanning the laser wavelength around the D2 line of Rb atoms and plotting the integrated intensity of the DFWM signals with respect to the laser frequency detuning, as shown in Fig. 2(a) , in which the DFWM power was obtained by integrating the DFWM signal over the entire area of the silicon detector. The curve with higher intensity is generated with a hollow beam as the probe beam, and the one with lower intensity is generated with a Gaussian beam as the probe beam. It is seen that every curve includes four DFWM signal peaks corresponding to the four transitions of Rb D2 lines (a:
87 Rbj5S 1∕2 ; F 1i → j5P 3∕2 i at 780.2289 nm; b:
85 Rbj5S 1∕2 ; F 2i → j5P 3∕2 i at 780.2322 nm; c:
85 Rbj5S 1∕2 ; F 3i → j5P 3∕2 i at 780.2424 nm; d:
87 Rbj5S 1∕2 ;F 2i → j5P 3∕2 i at 780.2459 nm) [28] . The peak splitting in the spectra is due to the Stark effect, which was studied in detail previously [17] .
We then fixed the wavelength at 780.2424 nm ( 85 Rbj5S 1∕2 ; F 3i → j5P 3∕2 i) and obtained the images of DFWM signal by CMOS. Typical images of the DFWM signal with the hollow and Gaussian beams as the probe beam are shown in Fig. 2(b) . A hollow signal is generated with a hollow input probe beam, which is to be expected because the DFWM is the phase-conjugate beam of the incident probe beam.
The enhancement of the power of DFWM signal with the hollow beam as the probe beam can be attributed to the non-diffraction property of the Bessel beam. The Bessel beam is generated in the focusing range of the hollow laser beam, so we compared the propagation property of the probe Bessel beam with the probe Gaussian beam by taking their intensity distributions at various positions in the focusing region. We took the transmitting direction of the probe beam as the positive direction with the coordinate origin at Lens5 (f 500 mm). The power of probe beam E p was fixed at 1 mW, and the laser wavelength was fixed as 780.2424 nm (resonant to the transition j5S 1∕2 ; F 3i → j5P 3∕2 i of 85 Rb ). The beam profiles at various positions were detected by CMOS. In Fig. 3(a) , the upper row shows the images of the Bessel beam and the bottom row shows the images of the Gaussian beam. We collected the information of the beam size (central spot) from the images and then plotted the data in Figs. 3(b)-3(d) . It is seen from Fig. 3(b) that the central spot size of the Bessel beam remains invariable, while with the Gaussian beam divergence occurs in the propagation direction. The radius of Gaussian beam increases from 0.2 to 0.6 mm after propagating 120 mm. In contrast, the radius of the bright central spot of the Bessel beam almost remains constant as 0.1 mm. Figs. 3(c) and 3(d) show the lateral intensity profiles of the Bessel beam and the Gaussian beam at z 440 mm and z 560 mm, respectively. It is seen that the intensity of the Gaussian beam decreases by 95% at z 560 mm. In contrast, the intensity of the Bessel beam decreases only by 20% or so. From the description above, we can see that the Bessel beam has an extended depth of field and tight focusing features compared with the Gaussian beam, which results in a longer phasematching distance and effectively enhances the DFWM signal.
We further considered the case in which the probe beam encountered an obstruction on its way to the Rb sample. We inserted a SiO 2 plate (0.17 mm thick) with a drop of black printing ink (diameter of 1 mm or so) on the path of probe beam E p at z 445 mm (as shown in Fig. 1 ). The powers of E b , E f , and E p were still kept as 5, 20, and 20 mW, respectively. The laser wavelength was scanned around the D2 line of the Rb atom. The integrated intensity of the DFWM signals with respect to the laser frequency detuning is shown in Fig. 4(a) . It is obvious that no signal was obtained with the Gaussian beam as the probe beam. In contrast, a signal with reasonable intensity was detected with the Bessel beam as the probe beam. Moreover, the signal image shows that the DFWM was still a typical hollow beam [ Fig. 4(b) ], indicating that the phase-conjugate DFWM signal can efficiently avoid the influence of the obstruction.
The superb performance of the Bessel beam in DFWM when it encounters an obstruction on its way to the Rb sample can be attributed to the self-healing ability of the probe Bessel beam, as shown in Fig. 5 , when we insert a SiO 2 plate (0.17 mm) with a drop of black printing ink (diameter of 1 mm or so) at z 445 mm. The power of probe beam E p was fixed at 1 mW, and the laser wavelength was fixed at 780.2424 nm (resonant to the transition j5S 1∕2 ; F 3i → j5P 3∕2 i of 85 Rb ). The beam profiles of the Bessel beam (upper row) and the Gaussian beam (bottom row) at various propagating distances were detected and shown in Fig. 5(a) . It is observed that the central bright spot of the Bessel beam is totally blocked by the obstruction at the beginning, and then it recovered as it propagated along the z direction. Figures 5(b)-5(d) show the lateral intensity profiles of the Bessel beam and the Gaussian beam at z 440 mm, z 500 mm, and z 560 mm, respectively. Although the central bright spot of the Bessel beam was totally blocked by the obstruction at the beginning, it recovers itself gradually during propagation. As seen from Figs. 5(c) and 5(d), it recovers by about 30% at z 500 mm and about 70% at z 560 mm, which is lower than the unobstructed case by only 10% [ Fig. 3(d) ]. The recovered Bessel beam can interact with the Rb atoms together with the two pump beams and generate the DFWM signal. In contrast, the Gaussian beam cannot recover due to the serious divergence and the loss of energy, and no DFWM signal was generated as a consequence.
CONCLUSION
In this work, we used a Bessel beam to enhance the DFWM process in hot atomic Rb vapor. The Bessel beam was generated using cross-phase modulation based on thermal nonlinear optical effect. We took either the Bessel beam or the Gaussian beam as the probe beam and compared the DFWM signal under the two cases. The results show that the DFWM signal generated by the Bessel beam is about twice as large as that generated by the Gaussian beam, thanks to the extended depth of field and tight focusing properties of the Bessel beam. Moreover, thanks to self-healing properties of the Bessel beam, a DFWM signal can be detected with the Bessel beam when it encounters an obstruction. In contrast, no DFWM signal was detected using the Gaussian beam as the probe beam. This work suggests that DFWM using a Bessel beam would be of great potential in the fields of high-fidelity communication, adaptive optics, and so on. It would also shed a light on those areas where the nonlinear processes are needed enhancing in some thick media and harsh environments. d) show the lateral intensity distribution of the Bessel beam and the Gaussian beam at z 440 mm, z 500 mm, and z 560 mm. The power of probe beam E p was fixed at 1 mW, the laser wavelength was kept at 780.2424 nm, the temperature of the Rb cell was set at 40°C, and the obstruction was set at z 445 mm.
